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Motivated by the recent discovery of superconductivity in square-planar nickelates as well as by longstand-
ing puzzling experiments in heavy-fermion superconductors, we study Cooper pairing between correlated d-
electrons coupled to a band of weakly-correlated electrons. We perform self-consistent large N calculations on
an effective t − J model for the d-electrons with additional hybridization. Unlike previous studies of mixed-
valent systems, we focus on parameter regimes where both hybridized bands are relevant to determining the pair-
ing symmetry. For sufficiently strong hybridization, we find a robust s+ id pairing which breaks time-reversal
and point-group symmetries in the mixed-valent regime. Our results illustrate how intrinsically multi-band sys-
tems such as heavy-fermions can support a number of highly non-trivial pairing states. They also provide a
putative microscopic realization of previous phenomenological proposals of s+ id pairing and suggest a poten-
tial resolution to puzzling experiments in heavy-fermion superconductors such as U1−xThxBe13 which exhibit
two superconducting phase transitions and a full gap at lower temperatures.
I. INTRODUCTION
The historic search for superconductivity (SC) in Ni-based
oxides1 recently passed an important milestone with Sr-doped
NdNiO22–4. This long-term pursuit in the nickelates has been
partly driven by the similarities with the cuprates. Indeed,
both nickelates and cuprates are quasi two-dimensional and
share a nominally half-filled dx2−y2 orbital with 3d9 configu-
ration. However, unlike the typical cuprate parent compound,
NdNiO2 is a paramagnetic metal2 instead of an antiferromag-
netic insulator, due to the presence of additional Nd d-bands
that cross the Fermi level. Self-doping effects push the Ni
dx2−y2 band away from half-filling5 and thus from the canon-
ical proximity to the Mott insulator typical of the cuprates.
A proper treatment of SC in the nickelates must therefore in-
corporate the strong correlations of the Ni dx2−y2 bands and
the coupling to weakly interacting Nd d-bands alike. In many
ways, this parallels heavy-fermion intermetallics6, where the
strongly-interacting f states couple to weakly-correlated d-
electrons. Among the intermetallics, actinides with 5f or-
bitals particularly resemble the nickelates since they are closer
to the mixed-valent regimes than the lanthanides. They also
exhibit superconducting transition temperatures (Tc’s) which
are comparable to that observed in Sr-doped NdNiO2 as in the
case of PuCoGa5 where Tc ∼ 18.5 K7.
To investigate the effects of weakly-correlated conduction
(c) electrons on the Cooper pairing of correlated d-electrons,
we study a general t − JH model that includes the usual
nearest-neighbor (NN) d-electron hopping td and Heisenberg
exchange JH , but which also incorporates a c − d hybridiza-
tion V , taken to be local for simplicity. We perform large N
calculations within a Sp(N) representation of the local mo-
ments and find that s+ id pairing typically occurs in a mixed-
valent regime provided that the hybridization is sufficiently
strong with V
√
1− nd ∼ JH and td/V  1, where nd is
the d-electron filling. The emergence of s + id pairing is in-
herently a two-band phenomenon, requiring a multi-pocketed
Fermi surface (FS) with significant d-electron content near the
Fermi level for both bands. Fig. 1 summarizes our main con-
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FIG. 1. General phase diagram at zero temperature for s+ id pairing
in a t − J model with a coupling to conduction electrons. V and
nd are the hybridization strength and d-electron filling, respectively.
For simplicity, we consider the case where the hybridization is larger
than the d-electron hopping td  V . When the hybridization is also
much weaker than the Heisenberg exchange V  JH , the pairing in-
stability is determined by a single band with predominant d-electron
character, as in the t−J model, and the pairing symmetry is typically
either s- or d-wave. In the regime where V
√
1− nd ≈ JH , both of
the hybridized bands have significant d-electron content and s + id
emerges as the dominant pairing. Our results are consistent with
second-order phase transitions at the boundary of this regime, which
is bounded by V1/2 and nd,1. In the large-V limit, a dominant hy-
bridization gap suppresses pairing on the higher-energy band, result-
ing in a single-band pairing with either s- or d-wave symmetry.The
upper panels illustrate the general evolution of the hybridized bands
in the normal state with increasing V .
clusions. Our results illustrate the importance of non-trivial
multi-band superconductivity, as noted by several proposals
for Fe-based8–15 and heavy-fermion16–18 SC’s.
s + id pairing is highly unusual as it breaks time-reversal
symmetry. Furthermore, it also breaks the point-group sym-
metry since it is a linear combination of two inequivalent ir-
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2reducible representations of D4h. Consequently, these two
channels are not coupled to leading order in a Landau-
Ginzburg (LG) theory, and we expect that this type of pairing
generally requires two second-order transitions with decreas-
ing temperature. Moreover, s + id pairing vanishes at only
four points in the entire Brillouin Zone (BZ) and we expect
that the quasiparticle spectrum is typically completely gapped,
although accidental point nodes are possible. While our pre-
dictions do not strictly apply to the nickelates, where the hy-
bridization between the Ni and the less correlated Nd is typi-
cally small, they can provide insight into a number of puzzling
experiments in heavy fermion superconductors. One promi-
nent example is the observation of two superconducting phase
transitions into a gapped state in U1−xThxBe1319–22. Indeed,
Kumar and Wolfle proposed an s+ id state for U1−xThxBe13
based on a phenomenological LG theory23, wheres we here
provide a concrete, microscopic realization of such a state.
In this work, we focus on the mechanisms which can lead to
the emergence of s+id pairing in mixed-valent systems rather
than an exhaustive study of the phase diagram. In spite of
the simplicity of our model, we believe that our main conclu-
sions can also be applied to models with more realistic band-
structures.
Our paper is organized as follows. We discuss the general
mechanism behind s + id pairing in Sec. II. In Sec. III, we
introduce our model within an the Sp(N) representation of the
spins, derive the mean-field self-consistency equations and
BdG spectrum, and discuss the U(1) gauge symmetry. Our
numerical results for several regimes are presented in Sec. IV.
We discuss our main conclusions in Sec. V.
II. s+ id PAIRING IN A TWO-BAND REGIME
Our model for physical correlated (d) electrons is mapped
onto an effective f -fermion model with renormalized parame-
ters within a slave-boson mean-field theoretical approach. The
pairing of these f -fermions is determined self-consistently
via a standard gap equation, in conjunction with remaining
mean-field parameters. Hence, the notions of FS and den-
sity of states (DOS) defined for the auxiliary f electrons are
crucial in understanding why this type of pairing occurs, al-
though they need not have an immediate physical meaning.
Similarly, f − f pairing is not a U(1) gauge-invariant quan-
tity and is thus not a physical observable. The Bogoliubov-de
Gennes (BdG) spectrum determined from our effective model
is nonetheless physically meaningful. s + id pairing for the
f fermions typically leads to a gapped BdG spectrum while
breaking time-reversal symmetry, features which remain rele-
vant for the model defined in terms of the physical d-electron.
In order to understand how s+ id emerges in our effective
model for the f fermions, we first consider the t−J limit with
V = 0. We define an effective kinetic energy scale which
is determined for arbitrary doping by the renormalized hop-
ping tdb2 and by the contribution of the particle-hole (p-h)
channel introduced via the nearest-neighbor (NN) Heisenberg
exchange terms. b =
√
1− nf is the amplitude of the con-
densed boson in terms of the d-electron filling nd = nf . We
can likewise define a scale associated with the pairing inter-
actions ∼ JH . In the absence of the effective kinetic terms
at half-filling, where b = 0 and the contribution of the p-h
terms can be gauged away, the f band becomes flat, leading
to sx2+y2 and dx2−y2 pairing channels with identical critical
temperature Tc24, defined via the gap equation and not rep-
resenting physical superconductivity. Furthermore, s + id
pairing emerges at zero-temperature for td/JH / 1 within
a finite range of hole-doping, provided that the p-h contribu-
tion to the kinetic energy is ignored25. Whenever these p-h
terms are taken into account, the quasi-degeneracy between
s- and d-waves is lifted, and s + id pairing is consequently
suppressed26.
In our model, the hybridization between the d- and c-
electrons introduces an additional scale. In the canonical
mixed-valent limit where td, JH  V , the scale associated
with the hybridization is determined essentially by the indirect
hybridization gap∼ (V b)227, as depicted in the right top panel
in Fig. 1. Since the indirect gap exceeds both the effective ki-
netic and pairing (∼ JH) scales, f − f pairing is determined
by the single FS due to the lower band28 and the degeneracy
between s- or d-waves is typically lifted, leading to a suppres-
sion of s + id pairing. When (V b)2 determines the lowest
scale, we recover the t − J model limit discussed previously.
We find that in an intermediate regime where (V b)2 is com-
parable to both effective kinetic energy and pairing strength
scales or, equivalently, when the FS and f fermion content of
both bands are relevant to the pairing instability, s + id be-
comes the preferred state at zero temperature.
s + id emerges in these regime via two effects apparent in
the normal state for T > Tc. First, due to the hybridization,
both c-like and f -like bands support f − f pairing, in con-
trast to the single-band limits of the t − J and simple mixed-
valent cases, respectively. As the hybridization increases, the
FS of the f -like band expands while that of the c-like band
contracts. The f -like FS remains in the vicinity of the nodes
of the sx2−y2 form factor and thus promotes dx2−y2 pairing
instead. The c-like FS, which is centered on the Γ point, pro-
motes sx2−y2 since the dx2−y2 form factor vanishes at (0, 0).
These two sectors of the FS thus promote two distinct chan-
nels, leading a coexisting s + id state. The FS shape here
is strongly reminiscent of the Fe-pnictides, where FS pockets
present at the edges and center of the BZ29 can lead to degen-
erate s± and dx2−y2 channels. A similar mechanism persists
even when the pocket at Γ vanishes with increasing hybridiza-
tion, provided that the indirect gap remains comparable to
the strength of the pairing interactions. Similar effects were
noted in early works on superconductivity in Kondo-lattice
systems28,30 as well as in the Fe-based SC’s31.
Secondly, we observe that the f fermion DOS becomes
increasingly concentrated near the Fermi level in the regime
where s + id pairing dominates. This is partially a natural
consequence of increasing hybridization, as the c-like band
which overlaps with the f -like band in energy, gets pushed to
higher energies. However, we also observe an additional ef-
fect, as the self-consistent p-h mean-field parameter Kxˆ,yˆ is
also suppressed with increasing hybridization. This leads to a
reduction of the effective kinetic energy, and thus to a flatten-
3ing of the bands which promotes degenerate s- and d-waves
in a way analogous to the t − J model with p-h channel sup-
pressed25.
The arguments for s + id pairing have been based on the
properties of the normal state near the pairing f − f criti-
cal temperature Tc. Below Tc, the pairing, p-h contributions
as well as all of the remaining self-consistent parameters can
change reflecting the self-consist nature of the calculation26.
However, we find that whenever the normal state reflects the
phenomenology discussed thus far, s+ id pairing remains the
preferred state at zero temperature.
We characterize various regimes via six independent di-
mensionless parameters, three of which are defined in terms of
the bare coupling constants (td, V, tc) /JH , where tc is the c-
electron NN hopping. The remaining parameters reflect tem-
perature T/JH , and the d-electron and total fillings nd, nTot,
respectively. For simplicity, we fix JH , tc, and T thereby re-
ducing the number of independent parameters to four. s + id
generally emerges in the nd / 1 regime where the kinetic
energy controlled by ∼ td(1 − nd)/JH is sufficiently sup-
pressed to allow significant f DOS near the Fermi level. In
addition, we find that V (1−nd)/JH should approach a value
close to unity in order for both bands to be located near the
Fermi level. In this regime we also find that smaller values
of td/V are favorable to s + id, since a larger kinetic energy
tends to push the normal state away from the ideal conditions
discussed previously. As we illustrate below, while s+ id re-
quires some amount of tuning, it does emerge for a finite range
of dimensionless parameters near d half-filling.
III. MODELS AND SOLUTION METHODS
In this section, we present our model and solution method.
Mixed-valent systems are typically challenging to model
faithfully due to complex, multi-band structures with different
degrees of correlation21. Similarly, the mechanisms behind
Copper pairing are generally not well-established21. Con-
sequently, we consider simplified models which capture the
salient features of some of these materials without obscuring
the mechanisms behind s + id pairing. Our assumptions in-
clude (i) a simple square lattice with tetragonal symmetry; (ii)
the presence of a single flavor of weakly-correlated conduc-
tion c-electrons with NN hopping which hybridize to the cor-
related d-electrons together with NN hopping for the latter;
(iii) c and d electrons which belong to identical representa-
tions of the D4h point group; and (iv) the inclusion of signifi-
cant NN hopping for the d electrons.
In view of points (ii) and (iii), we consider a local c − d
hybridization. We define an appropriate t − J model which
includes the effects of the strong local Coulomb repulsion
via the exclusion of double-occupancy for d-electrons, NN
Heisenberg exchange interactions JH , and c − d hybridiza-
tion V . Such models interpolate between single-band t − J
and canonical mixed-valent systems, where the dispersion of
the correlated d electrons is typically ignored.
We generalize the SU(2) symmetry of the local spin op-
erators to Sp(N) symmetry in order to obtain a controlled
saddle-point solution in the limit of large N 25,32. We intro-
duce a slave-boson representation, decouple the exchange in-
teraction in both p-h and p-p channels, and solve these models
at saddle-point level at fixed total filling. Consequently, the
d-electron filling is not fixed a priori, but is determined self-
consistently. We are interested in solutions which preserve
the translational symmetry of the lattice and therefore ignore
cases exhibiting phase separation33.
A. Model
We consider the following t − J model with a local c − d
hybridization:
H =Pd
[
− 2td
∑
〈ij〉,σ
(
d†iσdjσ + h.c.
)
+ (d − µ)
∑
i,σ
ndiσ − tc
∑
〈ij〉,σ
(
c†iσcjσ + h.c.
)
+ (c − µ)
∑
i,σ
nciσ
+
√
2V
∑
i,σ
(
d†iσciσ + h.c.
)
+
JH
2
∑
〈ij〉
(
Sdi · Sdj − 1
4
ndindj
)]
Pd. (1)
Pd is the projection of doubly-occupied d-electron states, the
i, j indices cover the square lattice, σ represents the spins of
the electrons, and c/d are on-site energies. Similarly,
Sdi =
1
2
∑
αβ
d†iασαβdiβ , (2)
ndiσ =d
†
iσdiσ, (3)
ndi =
∑
σ
ndiσ, (4)
are the SU(2) spin, spin-resolved, and total d-electron filling
operators respectively. Analogous definitions hold for the c-
electrons. The d-electron hopping td, c − d hybridization V ,
and NN Heisenberg interactions JH have been re-scaled for
convenience.
The model can be formally derived by projecting out
double-occupancy within a Hubbard model for the d-
electrons, while allowing the additional hybridization with the
c-electrons. Although such a procedure also generates addi-
tional Kondo exchange interactions, these are much smaller
than the hybridization V , and shall therefore be ignored.
In the limit V → 0, the Hamiltonian in Eq. 1 reduces to a
4single-band t − J model. In the limit td → 0, the Hamilto-
nian reduces to a standard mixed-valent model with additional
exchange interactions and d-electron hopping. For general pa-
rameters, H interpolates between these two limits.
Following Refs. 25 and 32, we generalize the Hamiltonian
from SU(2) to symplectic Sp(N) symmetry by promoting all
of the spin indices σ to Sp(N) indices p and by subsequently
replacing the Heisenberg exchange interaction with the corre-
sponding expression using Sp(N) generators
JH
2N
∑
〈ij〉
∑
pq
∑
αβ
∑
γδ
SpqαβS
qp
γδd
†
iαdiβd
†
jγdjδ
=− JH
N
∑
pq
{
d†ipdjpd
†
jqdiq + p˜q˜d
†
iq¯d
†
jqdjpdip¯
}
−JH
N
∑
p
d†ipdip. (5)
The Sp(N) generators are32
Spqαβ =δ
p
αδ
q
β − α˜β˜δp−βδq−α, (6)
where the indices p, q ∈ [±1,±N ] with N even and
p˜ = sgn(p). (7)
We re-scaled the Heisenberg exchange in order to obtain a
finite contribution in the large N limit. For similar reasons,
we rescale td → td/N and V → V/
√
N .
B. Saddle-point solutions in the large-N limit
Following Ref. 33 we introduce a slave-boson representa-
tion for the d electrons
dip → b†ifip (8)
together with the local constraint
b†ibi +
∑
p
f †ipfip =
N
2
, (9)
enforced via a Lagrange multiplier λ.
In addition, we impose a fixed total filling
∑
i,p
(
f †ipfip + c
†
ipcip −
nTot
2
)
= 0, (10)
where 0 ≤ nTot ≤ 4. This condition is enforced via a chem-
ical potential µ. Recall that, unlike the standard single-band
t − J model25,26, here the d-electron filling ndi = nfi is not
fixed but is determined self-consistently.
We ignore the density-density interactions present in the
original model at SU(2) symmetry33. Furthermore, we de-
couple the NN exchange interactions in Eq. 5 in both p-h and
particle-particle (p-p) channels via the dimensionless parame-
ters
Ki,e =
1
N
∑
q
〈f †ri+e,qfri,q〉 (11)
Bi,e =
1
N
∑
q
q˜ 〈fri,p¯fri+e,p〉 , (12)
where e ∈ {xˆa, yˆa} are the NN lattice vectors.
We consider solutions at saddle-point level which preserve
the translation symmetry of the lattice. As our model has a
U(1) gauge symmetry33, we choose a gauge where the con-
densed boson is real and uniform:
〈b†i 〉 = 〈bi〉 =
(√
N
2
)
b. (13)
where b is also independent of the lattice site, as are the p-h
and p-p dimensionless parameters defined previously.
The LG action per site is
f =
∑
p>0
{
1
Ns
∑
k
[
−2T
∑
m
ln (cosh(βEkm)) + Tr [hk] + 2JH
∑
e
[
B†eBe + χeχ
†
e
]
+ λ
(
b2 − 1)+ µnTot]}, (14)
where β = 1/T and Ekm are the eigenvalues of
Hk =
(
hˆk ∆ˆk
∆ˆ†k −hˆT−k
)
(15)
in a Nambu basis with spinor ΨT = (ckp, fkp, c
†
−kp¯f
†
−kp¯).
The normal part is given by
hˆk =
(
kc V b
V b kf
)
, (16)
where
kc =− 2tc
∑
k
cos (k · e) + [c − µ] (17)
kf =− 2tdb2
∑
k
∑
e
cos (k · e) (18)
−2JH
[
K
′
e cos(k · e)−K
′′
e sin(k · e)
]
+ [d − µ+ λ] .
(19)
As the solutions presented here involve K
′′
e = 0, we define an
effective f -fermion hopping as
5tf,e = tdb
2 + JHK
′
e. (20)
tf,e defines an effective kinetic energy scale as discussed in
Sec. II.
The pairing part of Hk is determined by
∆ˆk =
(
0 0
0 ∆k
)
, (21)
where
∆k =− 2JH
∑
e
Be cos(k · e). (22)
We also define the complex dimensionless pairing mean-field
parameters corresponding to the sx2+y2 and dx2−y2 channels
as
Bs =Bx +By
= |Bs| eiφs (23)
Bd =Bx −By
= |Bd| eiφd . (24)
The relative phase is defined as
φRelative = φs − φd. (25)
Saddle-point solutions are obtained in standard fashion via
variation of the self-consistent parameters λ,Ke, Be, µ, and b.
The self-consistency conditions are given in Eqs. 9, 10, 11, 12
together with
[
−4td
∑
e
ReKe + λ
]
b+
2V
N
∑
p
Re 〈f †ripcrip〉 = 0.
(26)
In the td = 0 limit, this equation reduces to the standard
mixed-valent case34. In the V = 0 limit, we recognize the
condition for boson condensation in a typical t− J model26.
We obtain self-consistent solutions numerically on a 100×
100 square lattice. In practice, we tune the d-electron level
d with all other parameters fixed such that both b and nf are
determined self-consistently.
C. Pairing and gauge invariance
The action corresponding to the Hamiltonian in Eq. 1 in the
Sp(N) slave-boson the formulation is invariant under a U(1)
gauge transformation35,36:
bi →bieiθi (27)
fip →fipeiθi (28)
λi →λi − iθ˙i (29)
Ki,j =Ki,je
i(θj−θi) (30)
Bi,j =Bi,je
i(θi+θj). (31)
The self-consistent dimensionless f − f Hartree (p-h) Ki,e
and paring Be (p-p) parameters defined in Eq. 12 are not in-
variant under arbitrary U(1) gauge transformations. However,
the associated quasiparticle spectrum is real and observable,
and thus is invariant under the U(1) gauge transformation de-
fined above.
D. Quasiparticle spectrum for s+ id pairing
The spectrum of the BdG Hamiltonian in Eq. 15, which
determines the physical quasiparticle spectrum is given by
Ek± = ±
√√√√√2kc + 2kf + 2(V b)2 + ∆2ks + ∆2kd ±
√[
(2kf − 2kc) + ∆2ks + ∆2kd
]2
+ 4(V b)2 [(kf + kc)2 + (∆ks + ∆kd)2]
2
,
(32)
where we used
∆k = ∆ks + i∆kd, (33)
with ∆ks/d real. Note the inner square-root which is due to
the non-commuting matrices hˆk and ∆ˆk defined in Eqs. 16
and 21. Consequently, the gap is not |∆k|2 as in a simple one-
band case11. The spectrum reverts to an effective single-band
t − J case when (V b)2  ∆2ks + ∆2kd with a conventional
gap on the f band. Similarly, in the opposite limit (V b)2 
∆2ks+∆
2
kd, we recover the spectrum of weak-coupling pairing
occurring predominantly on the lower-energy f -like band.
As both ∆ks/d vanish at (±pi/2,±pi/2), nodes at Ek± = 0
can appear provided that these points are on the FS. More gen-
erally, due to the two-band nature of s + id pairing, which is
reflected in the unconventional form of the gap, it is possi-
ble that nodes can emerge away from pi/2, pi/2 even though
6∆2ks + ∆
2
kd remains finite. This is due to the additional inner-
square root term in Eq. 32, which can compensate the remain-
ing factors.
IV. RESULTS
We use a convention whereby all coupling constants ap-
pearing in our model have arbitrary units of energy. Without
loss of generality, we set the c-electron NN TB coefficient tc
and on-site energies c to 0.5 and 0, respectively.
We first illustrate the emergence of s + id pairing from
the t − J limit under increasing the local c − d hybridiza-
tion V . We present our results for two values of the fixed
d-electron hopping td = 0.01 and 0.1 at fixed total filling
nTot = 1.473, NN Heisenberg exchange JH = 0.0375, and
c-electron NN hopping tc = 0.5, while varying V for a finite
range of d-electron filling nd. We subsequently consider cases
with smaller nTot = 1.16. Our results illustrate that s + id
pairing occurs for a set of different parameters and hence that
this unconventional pairing state does not require fine-tuning.
As the filling of the physical d electrons coincides with that
of the auxiliary f fermions within the slave-boson approxima-
tion i.e. nd = nf , we shall use the two naming conventions in-
terchangeably. All of our results correspond to self-consistent
solutions with condensed boson b 6= 0.
A. td = 0.01, JH = 0.0375, and nTot = 1.473
We consider the case for td = 0.01, JH = 0.0375 with
fixed nTot = 1.473. In this limit, the hopping of the d elec-
trons (see Eq. 20), plays a sub-leading role when compared to
the contribution of the p-h mean-field parameterKe. In Fig. 2,
we plot the amplitudes of the dx2−y2 and sx2+y2 , f − f di-
mensionless pairing mean-field parameters (see Eqs. 23, 24),
at zero temperature as functions of the hybridization V and
filling nf .
As shown in panel (a), the d-wave amplitude remains finite
throughout the entire range of nf , although it does suffer a re-
duction due to the increasing hybridization which pushes the
system away from the strong-coupling limit of the t−J model.
By contrast, the s-wave amplitude is almost completely sup-
pressed in the t− J limit (V = 0) (red symbols) but becomes
finite for V ≥ 0.1. To illustrate that the s- and d-wave com-
ponents are locked into a s + id pairing state at T = 0, in
Fig. 3 we plot the relative phase φRelative (Eqs. 23 and 24) of
the s- and d-wave channels as functions of V and nf , mod-
ulo pi in units of pi for a subset of the parameters of Fig. 2. It
is apparent that a pi/2 relative phase persists whenever both
s- and d-wave amplitudes are finite and therefore, that s + id
pairing indeed emerges at zero temperature. The s + id state
persists for larger values of V , albeit within a reduced range
of nf ≈ 1.
As discussed previously, each of the distinct FS sectors
which emerge under increasing hybridization from the t − J
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FIG. 4. FS’s determined at T = 0.001, where the pairing is
strongly suppressed, as functions of the hybridization V at fixed
td = 0.01, JH = 0.0375, nf = 0.9, and nTot = 1.473, cover-
ing the same parameter regime of Fig. 2. The red symbols represent
the t − J (V = 0) limit, with the f fermion and c-electron FS’s
indicated by the solid and hollow squares, respectively. Increasing V
tends to enlarge one of the FS sectors (solid symbols) while shrink-
ing the other (hollow symbols). This change in the FS likewise tends
to promote s- and d-wave pairing, as described in the text. Note the
absence of the pocket at Γ for V = 0.3. Both bands still support
f − f pairing, and therefore promote s + id pairing, as the indirect
gap is smaller than the pairing interactions ∼ JH .
limit promote s- and d-waves, respectively. To illustrate this
mechanism, we consider the normal state at finite temperature
T = 0.001 determined from self-consistent solutions with
vanishing pairing amplitudes and b 6= 0. In Fig. 4, we plot
the evolution of the FS’s as functions of V for fixed nf = 0.9.
At V = 0, the larger FS (red solid squares) corresponds to
the purely f -fermion band while the smaller pocket (red hol-
low squares) is comprised entirely of c-electrons. As V is
increased, the larger pockets (solid symbols) grow and move
beyond the ”diamond” shape typical at nf = 1, while the
smaller pockets (hollow symbols) shrink and eventually van-
ish. The s-wave pairing amplitude (Fig. 2 (b)) becomes com-
parable to the d-wave amplitude once the FS moves away from
the (0, pi) to (pi, 0) lines as shown by the green and orange
symbols in Fig. 4. We also note that both V = 0.15 and
V = 0.3 cases exhibit comparable s- and d-wave amplitudes
although the Fermi pocket at Γ is absent in the latter case. As
mentioned previously, this is due to the presence of an indi-
rect gap which is smaller than the pairing interactions ∼ JH
ensuring that both bands still support f − f pairing and that
they promote s- and d-wave as in the two-sector FS cases.
Alongside the FS, the f -fermion DOS in the normal state,
which reflects the combined contributions of the hopping
(∼ td) and p-h terms (∼ JH) (Eq. 20) to the effective kinetic
energy and the effects of hybridization (∼ V ), also plays an
important role in the emergence of s + id pairing. A reduc-
tion in the widths of the f DOS peaks promotes degenerate s-
and d-wave pairing, as in the t − J model at half-filling. To
illustrate, in Fig. 5, we plot the f DOS projected onto each of
the two bands, in the normal state at T = 0.001, as a func-
tions of V , for fixed td = 0.01, JH = 0.0375, nf = 0.9 and
nTot = 1.473, or in the same parameter regime as Fig. 4.
Note that zero-energy corresponds to the Fermi level. A fixed
broadening was applied in order to smoothen the curves. The
red solid squares in panel (a) illustrate the f DOS in the
single-band t− J limit. As JH is the dominant coupling with
td/JH / 0.2 and V = 0, the width of the peak is determined
mainly by the contribution of the p-h mean-field parameter
Ke (Eq. 20) to the effective kinetic energy. Upon increasing
the hybridization to V = 0.1, the single peak splits into two
contributions for each of the bands, reflecting the mixing of
f and c electrons. Most of the f weight still resides in the
higher-energy band (solid blue squares). Beyond V = 0.15
(green triangles), the weight on the lower-energy band (green
hollow triangles) gets shifted closer to the chemical poten-
tial at zero energy. Also note the simultaneous change in
the FS, as shown in Fig. 4 together with the emergence of
s + id pairing as shown in Fig. 2 (b). The shift in the f DOS
closer to the Fermi level together with the change in FS mark
the crossover from effective single-band pairing in the small
V  0.1 regime to the intermediate two-band pairing pic-
ture discussed illustrated in Fig. 1 and discussed in Sec. II.
For even higher V = 0.3 (orange symbols), we note a dra-
matic sharpening of the peak for the lower-energy band and a
simultaneous opening of a hybridization gap which is slightly
obscured by the artificial broadening. The sharp peak can be
attributed to the p-h term which changes sign w.r.t. td ensuring
an even greater reduction in the effective bandwidth (Eq. 20).
The reduction in kinetic energy w.r.t the t−J limit, as demon-
strated by the narrowing of the f DOS peaks with increasing
hybridization promotes degenerate s- and d-wave pairing.
To further illustrate the reduction of the effective kinetic
energy with increasing hybridization, in Fig. 6, we plot the
amplitude of the dimensionless NN p-h mean-field param-
eter |K| = |Kxˆ| = |Kyˆ| (Eq. 11) in the normal state at
T = 0.001, as a function of V and f filling nf for fixed
td = 0.01, JH = 0.05, and nTot = 1.473. K renormal-
izes the hopping of the f fermions (Eq. 20) and thus controls
the effective kinetic energy. It is apparent that |K| decreases
monotonically for V up to 0.15. For V = 0.3, the amplitude
of K actually increases near nf ≈ 1. However, in contrast to
all of the other cases shown here,K changes sign, and is there-
fore subtracted from rather than added to part proportional to
td. This ensures that the f DOS is strongly peaked near the
Fermi level, as shown in Fig. 5.
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FIG. 5. f DOS in the normal state at T = 0.001 projected
onto each of the two bands as functions of energy and V at fixed
td = 0.01, JH = 0.0375, nf = 0.9, and nTot = 1.473. A uni-
form broadening is applied in all cases. The chemical potential is
pinned to zero energy. The DOS is illustrated for a single band in
the t − J limit (red symbols). A narrowing of the peaks is apparent
with increasing V culminating with the V = 0.3 case (orange sym-
bols). The dramatic sharpening of the peaks in this case is due to a
change in sign of the self-consistent p-h parameterK which strongly
renormalizes the kinetic energy due to hopping (∼ td, Eq. 20). The
hybridization gap in this case is filled due to the artificial broadening.
B. td = 0.1, JH = 0.0375, and nTot = 1.473
In order to illustrate that s+id pairing state can occur in a fi-
nite range of d-electron filling for larger values of the hopping
coefficient td, we present our results for td = 0.1, one order
of magnitude larger than previously shown in Sec. IV A, for
fixed JH = 0.0375.
In Fig. 7, we show the d- and s-wave pairing amplitudes at
T = 0 as functions of V and nf for fixed total filling nTot =
1.473. As for the smaller td = 0.01, the s-wave amplitude is
suppressed in the t − J limit for V = 0 shown in panel (b)
(red, hollow squares). However, it becomes finite for V ≥ 0.5.
The mechanisms behind the emergence of s + id pairing are
similar to those for the td = 0.01 case of Sec. IV A, as shown
in Appendix A.
Note that for V = 0.5 and for nf / 0.83, there is a second-
order phase transition from s + id to simple s-wave instead
of simple d-wave, as for the other values of V shown in the
Fig. 7. As the f DOS stays relatively constant for a range
exceeding the pairing strength ∼ JH in the vicinity of the
Fermi level, the pairing falls within a weak-coupling regime
as shown in Fig. 13 in Appendix A. The corresponding FS
(shown in Fig. 12 of the same Appendix) maintains contri-
0
0.05
0.1
0.15
0.8 0.9 1
|K
|
nf
V = 0
V = 0.1
V = 0.15
V = 0.3
FIG. 6. Amplitudes of the p-h mean-field parameter |K| = |Kxˆ| =
|Kxˆ| in the normal state at T = 0.001 as functions of V and nf ,
for fixed td = 0.01, JH = 0.0375 and nTot = 1.473. |K| de-
creases with increasing V for V ≤ 0.15. Although |K| increases
from V = 0.15 to V = 0.3, the sign of this mean-field parameter
also changes within this range, further reducing the effective kinetic
energy in Eq. 20.
butions from both bands even in this limit, in contrast to the
cases with td = 0.01 discussed in Sec. IV A. This illustrates
that the emergence of s+id pairing requires both a sufficiently
strong concentration of f DOS states near the Fermi level and
a favorable FS.
C. td = 0.1, JH = 0.0375, and nTot = 1.16
We illustrate that s + id also emerges near the f half-
filling point for a range of total fillings nTot. In Fig. 8,
we plot the s- and d-wave amplitudes at T = 0 for fixed
td = 0.1, JH = 0.0375, and nTot = 1.16 as functions of
V and nf . The s-wave amplitude becomes significant near
half-filling, although it is suppressed when compared to the
results of nTot = 1.473 presented in the previous sections.
This suppression is a consequence of the reduced size of the
FS pocket at the center of the BZ, as the c-band is nearer to
it’s bottom for this regime of smaller total filling. For the same
reason, the bare f - and c-bands are nearer in energy such that
the hybridization further depletes the f DOS near the Fermi
level.
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FIG. 7. Amplitudes of the dimensionless f − f pairing amplitudes
for the dx2−y2 and sx2+y2 channels in panels (a) and (b), respec-
tively, as functions of the hybridization V and and nf for fixed
td = 0.1, JH = 0.0375, nTot = 1.473 at zero temperature. The
s-wave amplitude is suppressed in the t − J (V = 0) limit and be-
comes finite for V ≥ 0.5. Note that for V = 0.5 and smaller nf ,
s+ id pairing is suppressed in favor of a simple s-wave.
V. DISCUSSION
We studied a simplified t − J model for correlated d-
electrons which hybridize with weakly-correlated c-electrons
within a self-consistent mean-field theory with Sp(N) repre-
sentation of the spins. We found robust s + id pairing ex-
tending for a finite range near d-electron half-filling, for typ-
ical values of d-electron hopping and exchange interactions,
provided that the hybridization is sufficiently strong. We il-
lustrated that the s + id state in our model is due essentially
to a two-band pairing in contrast to previous studies of t − J
models where this type of pairing also emerges under doping.
Our results illustrate that s + id pairing occurs with in-
creasing hybridization from the t − J limit due first to a FS
which includes both bands and which favors s- and d-wave
channels to similar extent, and secondly, to an increase in
the correlated-electron DOS near the Fermi level. Our results
bridge the gap between correlated single d-band models, as
for the cuprates and mixed-valent systems where pairing oc-
curs mainly in the close vicinity of the FS. As such, our results
illustrate how the pairing in correlated multi-band systems can
generically exhibit a variety of unconventional phases.
The rather inclusive conditions leading to the emergence
of s + id pairing within our toy model are possible within
more realistic treatments of mixed-valent systems such as
DFT+DMFT, provided that the multi-band nature of these sys-
tems is taken into account. We believe that our results also
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FIG. 8. Amplitudes of the dimensionless f − f pairing amplitudes
for the dx2−y2 and sx2+y2 channels in panels (a) and (b), respec-
tively, as functions of the hybridization V and and nf for fixed
td = 0.1, JH = 0.0375 and reduced total filling nTot = 1.16 at
zero temperature. The s-wave amplitude is finite near the f half-
filling point but is suppressed when compared to the cases of higher
nTot = 1.473 previously discussed.
illustrate how previous phenomenological proposals, as in the
case of U1−xThxBe13, can be realized microscopically within
a generic two-band model.
During the preparation of this manuscript, we became
aware of Ref. 37 which considers a similar t − J model with
additional Kondo interactions within a renormalized mean-
field theory in the context of Sr-doped NdNiO2. The authors
find an s + id pairing phase in a regime where the Kondo
coupling is the highest energy scale and the Kondo-induced
hybridization is finite. In this context, we also note the re-
cent single particle tunneling experiments on superconducting
nickelate thin films38 which find spectra consistent with two
distinct pairing symmetries, one which is naturally associated
with a d-wave and another which exhibits a full gap. While
tentative at this stage, we find that these studies further hint at
the possibility that non-trivial pairings such as s + id are not
uncommon in systems with pronounced mixed-valent charac-
ter.
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Appendix A: Normal state for td = 0.1, JH = 0.0375 and
nTot = 1.473
In this section we present the normal-state properties for
the case with fixed td = 0.1, JH = 0.0375 and nTot = 1.473
discussed in Sec. IV B.
In Fig. 9, we present the FS’s determined at T = 0.001
and nf = 0.9 as functions of V . Upon increasing V we ob-
serve that the sectors closer to the M points (solid symbols)
are growing while those centered on the Γ point are shrinking,
mirroring the case with td = 0.01 shown in Fig. 4.
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FIG. 9. FS’s determined in the normal state at T = 0.001 as func-
tions of V for fixed td = 0.1, JH = 0.0375, nf = 0.9, and
nTot = 1.473. The solid symbols are adiabatically connected to
the d- and c-electron bands in the V = 0 limit. The FS’s evolve with
increasing V in a way analogous to the cases with smaller td = 0.01
shown in Fig. 4.
In Fig. 10, we show the f DOS projected onto the two bands
for the same parameter range. We observe a gradual shift
in the DOS of band 2 toward the Fermi level at zero-energy
with increasing hybridization. Note that the sharpening of the
peaks for td = 0.01 (Fig. 5) which occurs due to a renormal-
ization of the p-h term is obscured here by the much larger
contribution of td = 0.1 to the effective kinetic energy scale
although the amplitude of the p-h term is suppressed here as
well, as shown in Fig. 11.
In Fig. 12 we show the evolution of the FS’s determined in
the normal state at T = 0.001 as functions of nf , for fixed
td = 0.1, JH = 0.0375, nTot = 1.473, and V = 0.5. At
zero-temperature there is a second-order phase transition from
s-wave to s + id pairing with increasing nf . It is apparent
that the FS does not significantly change, indicating that an
additional change in the f content of the bands is required for
the emergence of this type of pairing.
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FIG. 10. f DOS projected onto the two bands determined in the
normal state T = 0.001 as functions of energy and V for fixed td =
0.1, JH = 0.0375, nf = 0.9, and nTot = 1.473. The Fermi level
is pinned to zero-energy. The narrowing of the peaks observed for
td = 0.01 in Fig. 5 is obscured here by the much larger value of
td = 0.1.
0
0.05
0.1
0.15
0.8 0.9 1
|K
|
nf
V = 0.3
V = 0.4
V = 0.5
FIG. 11. Amplitudes of the self-consistent p-h terms in the nor-
mal state at T = 0.001 as functions of V and nf for fixed td =
0.1, JH = 0.0375, and nTot = 1.473. The amplitudes decrease
monotonically with V .
The corresponding f DOS is shown in Fig. 13. There, the
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increase in the f DOS near the Fermi level at zero-energy, to-
gether with a narrowing in the peaks, is apparent for increas-
ing nf .
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FIG. 12. FS’s determined in the normal state at T = 0.001 as
functions of nf for fixed td = 0.1, JH = 0.0375, V = 0.5, and
nTot = 1.473. The FS’s remain essentially unchanged within the
range of nf , although the pairing at zero-temperature undergoes a
second-order transition from s- to s+ id.
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FIG. 13. f DOS in the normal state at T = 0.001 as functions of
energy and nf for fixed td = 0.1, JH = 0.0375, nTot = 1.473,
and V = 0.5. A second-order transition between s-wave and s+ id
occurs at zero-temperature across this range of nf .
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